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We present a method to extrapolate nuclear binding energies from known values for neighbouring
nuclei. We select four specific mass relations constructed to eliminate smooth variation of the binding
energy as function nucleon numbers. The fast odd-even variations are avoided by comparing nuclei
with same parity. The mass relations are first tested and shown to either be rather accurately
obeyed or revealing signatures of quickly varying structures. Extrapolations are initially made for
a nucleus by applying each of these relations. Very reliable estimates are then produced either by
an average or by choosing the extrapolation where the smoothest structures enter. Corresponding
mass relations for Qα values are used to study the general structure of super-heavy elements. A
minor neutron shell at N = 152 is seen, but no sign of other shell structures are apparent in the
super-heavy region. Accuracies are typically substantially better than 0.5 MeV.
PACS numbers: 21.10.Dr, 21.60.-n
I. INTRODUCTION
The importance of accurate knowledge of nuclear
masses is not disputed by anybody. Unprecedented
numbers of precise measurements are available [1, 2],
but many particle stable masses are still unknown.
The masses are collected in comprehensive mass tables
[3] which also contain estimates based on smooth ex-
tra/interpolations and consistency between a number of
related particle and cluster separation energies.
Different types of theoretical models are also used to
estimate and predict nuclear masses of interest. They
are almost all at some point employing phenomenologi-
cal parametrization. The original example is the semi-
classical mass formula by von Weiza¨cker and Bethe [4],
where four parameters are fitted to known masses and all
others can be predicted. Much more sophisticated ver-
sions are developed where the same idea of expanding in
terms of neutron and proton numbers systematically is
exploited in the liquid droplet model [5, 6].
The success of the liquid drop models is due to the
overall continuous behaviour of nuclear masses as func-
tion of neutron and proton numbers, and of course on the
inclusion of the correct physics ingredients of volume, sur-
face, Coulomb and symmetry terms. After the bulk part
of the nuclear masses are described the smaller contribu-
tions are highlighted as the remaining part. This is much
more difficult to describe as the origin is in a number of
very different correlations expressed as e.g. shell effects,
deformations, and pairing. These three correlations oc-
cur rather systematically and can to some degree be ac-
counted for in the droplet models. However, the severe
limitation is that predictions beyond the experimentally
known regions quickly become rather inaccurate.
Improvement in predictive power is obtained by micro-
scopic mean-field models, i.e. Hartee-Fock-Boguliubov,
Density Functional Theory and Thomas-Fermi calcula-
tions [7, 8]. Now the phenomenology enters as the
nucleon-nucleon interactions used as input, and deter-
mined from general symmetry principles and by fitting to
resulting computed properties. Here the self-consistency
is necessary to have reliability beyond the fitted regions.
At some level the liquid drop bulk properties must be
reproduced if these models are to be successful. This is
more directly exploited in the micro-macro models where
the microscopic fluctuating part first is extracted from
a mean-field shell model computation and the average
smooth part is replaced by liquid drop expressions [9].
The origin of nuclear masses is the nucleon-nucleon
interaction which implies that the different nuclei have
(perhaps complicated) related masses. This is explored
in ab initio calculations of nuclear masses from the basic
interaction [10]. It is exploited in a completely different
way in a series of so-called mass relations where Garvey-
Kelson is the most well-known [11]. It is based on count-
ing the number of pairwise interactions in different nuclei
and by adding for example three mass difference between
two nuclei, the result should be zero. This is tested to be
true for known masses with an average accuracy of about
500 keV [12].
It is then interesting to test whether the previous mass
formulae obey the rather accurate Garvey-Kelson mass
relations. This turns out to be essentially true for the
measured masses, but as soon as extrapolations are in-
volved the accuracy drops by about a factor of two [13].
The phenomenology is only really trustworthy within the
fitted region. There is apparently one exception in the
Duflo-Zuker mass formulae constructed from the same
principles as the Garvey-Kelson mass relations [13, 14].
A different principle was used in extraction of pairing
properties where emphasis rather than cancellation is de-
sired. Odd-even mass differences between neighbouring
nuclei already reveal these effects. An improvement is
obtained in the slightly more complicated combination
where an average of the two neighbouring mass differ-
ences is used [4]. A further extension to include more
masses led Jensen et al. [15] to formulate mass relations
obeying a general principle of cancellation of all smooth
terms up to any desired order. The practical choice is sec-
ond order, since the necessary nuclei otherwise may differ
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2too much. It is interesting to note that Garvey-Kelson
relations also eliminate all smooth terms up to second
order. Although never emphasized previously, this is ob-
viously a convincing reason for their success.
Different mass combinations can now be chosen to ei-
ther emphasize specific correlations or to avoid them for
example by cancellation. The latter choice produces a
combination of masses equal to zero, which means any
of these masses can be expressed as a linear combination
of the other ones. Thus, if correct such mass relations
are directly applicable for one-step extrapolations beyond
known mass regions. Similar extrapolations can be made
with Garvey-Kelson mass relations but they do not allow
special choices where for example odd-even effects a pri-
ori are absent or emphasized. Other correlations could be
investigated as well if a mass combination can be found
to highlight them.
It has been suggested that nuclear masses have
a component of chaotic behaviour amounting to
2.78/A1/3 MeV [16] which amounts to between 0.5 and
1.4 MeV. This seems to be an exaggeration as sug-
gested by the observation that specific regions exhibit
(unknown) correlations [17] accounting for maybe half of
this amount. This is also indicated by the rather small
root mean square deviation of less than 100 keV obtained
by the 12 point Garvey-Kelson mass interpolation [13].
Thus, any mass extrapolation can ultimately only mean-
ingfully aim for an accuracy of at most 200 − 300 keV
with global mass formulae.
The purpose of this paper is to present four linear
mass relations between isotopes capable of removing
smoothly varying contributions. When applied to iso-
topes with measured binding energies, these mass com-
binations should have a tendency to cancel completely
barring influences from other significant contributing fac-
tors. Expressing unknown masses as linear combinations
of known ones should allow for the extrapolating of these
unknown masses. This will all be based on isotopes in
their ground state configurations. The relatively few as-
sumptions needed to establish the fundamental model is
the greatest advantage of the method. As a result all con-
clusions will be based purely on combinations of binding
energies, without the need for other theoretical consider-
ations.
Our focus will be divided between extrapolating un-
known binding energies and studying the structure of
the super-heavy elements. We shall use the method in-
troduced in [15] to construct mass relations. Here it will
not be attempted to verify the existence and scale of the
effects that influence the binding energy. We shall use
suitable mass relations to eliminate all or most of the
systematic dependencies of the binding energy on nu-
cleon numbers. The legitimacy of the elimination will be
apparent from the results of applying the mass relations.
The fundamental model, along with the argumenta-
tion supporting it, will be presented in sect. (II). The
majority of the necessary formulations will be included
there as well. It is then possible to define the specific
mass relations needed for the applications, and this is
also included in sect. (II).
Applying these mass relations individually with the
purpose of extrapolating to new binding energies is done
in sect. (III A) and (III B). In sect. (III C) the mass re-
lations are used with Qα values. This has a number of
advantages. In particular, it is possible to examine the
region of super-heavy isotopes in greater detail. The Qα
values are very useful in analysis of general structures
appearing in the binding energy. By comparing extrap-
olations from the individual mass relations it is possible
to calculate more precise results either by simple aver-
ages or by choosing the smoothest extrapolation. Such
combinations are presented in sect. (IV) along with the
numerical results in table I. Finally, sect. (V) contains a
brief summary and the conclusions.
II. THE MASS RELATIONS
The idea behind the mass relations is that the nuclear
many-body systems all are derived from the same ba-
sic interactions, and hence different nuclei should have
related binding energies. Various principles are applied
for different mass relations. We shall focus on one type
where we first describe the general principles, then we
derive some useful properties, and finally we specify the
applications in the last subsection.
A. General assumptions
The mass formula is often divided into a sum of three
different types of terms. First the dominating term,
BLD(N,Z), describing the smoothly varying gross prop-
erties of the binding energy as function of neutron and
proton numbers, N and Z. This is the liquid drop,
or droplet, model with the classical four terms, that is
volume-, surface-, Coulomb- and symmetry-energy. The
specific form and the precise numerical values are not
important since the smooth character is only necessary
to eliminate unwanted contributions. This is achieved
through suitable linear combinations of the nuclear bind-
ing energies as elaborated in sect. (II B).
Second, a term accounting for shell effects, Bsh(N,Z),
arising from quantum mechanical correlations favour-
ing special (spherical) configurations. Third, a term,
∆(N,Z), describing systematic but not smoothly varying
contributions to the binding energy. This can be odd-
even and other similar (short-ranged) correlation effects.
In total, we have the binding energy separated into such
distinct terms, where each is a function of the nucleon
numbers N , and Z:
B(N,Z) = BLD(N,Z) +Bsh(N,Z) + ∆(N,Z) . (1)
Explicit addition of terms describing other effects, for
instance the possible tendency to form α-particles within
3nuclei, could also be included. However, the possible
nature of α-clusters is presently not our prime focus, and
furthermore the energy gain from these clusters are also
very small or possibly very smoothly varying [15].
Since the existence of both neutron and proton shells
is undeniable, the second term, Bsh(N,Z), is an in-
escapable necessity. The major shells are prominent
only in relatively narrow regions of nucleon numbers. A
slowly varying contribution from Bsh between shells can
then essentially be eliminated by the same procedure as
BLD(N,Z). This claim will be substantiated by the re-
sults in sect. (III).
The systematic third term, ∆(N,Z), is more compli-
cated since it is composed of several effects. It includes
three different pairing effects, along with the Wigner term
related to the isospin symmetry, all of which are more
subtle in nature than the smooth term. However, they
are all smooth functions of nucleon numbers provided
isotopes with same parity are compared and the N = Z
line is not crossed. We shall in this paper impose these
restrictions on the employed extrapolations, although we
expect to encounter occasional signals of these terms.
The terms in eq. (1) do not necessarily constitute a
complete expression for the binding energy. Additional
overlooked or unknown effects might also contribute in
different ways. However, we expect that any such ne-
glected but significant effects will produce a clear devia-
tion from the systematic results, and thereby reveal itself.
This will be considered in relation to the actual numerical
results presented in sect. (IV).
B. Manipulating the binding energy
A flexible method to manipulate binding energies was
discussed in [15] with the aim of isolating specific con-
tributing effects. A possibility is then to study individual
effects in relative isolation. However, this flexibility also
indirectly enables the extrapolation of unknown binding
energies. The idea is to combine separation energies in a
manner reminiscent of a second order difference.
Q(n1, z1;n2, z2) =− S(N − n1, Z − z1) + 2S(N,Z)
− S(N + n1, Z + z1) . (2)
The separation energy of n2 neutrons and z2 protons in
any isotope is given as a difference between binding en-
ergies.
S(N,Z) = B(N,Z)−B(N − n2, Z − z2) . (3)
Calculating Q using eqs. (1) and (3) results in an expres-
sion for Q, which like the original expression for B in eq.
(1), can be separated in three terms, i.e.
Q = QLD +Qsh +Q∆ . (4)
Depending on the chosen (n1, z1;n2, z2), some terms
will be diminished while others will be emphasized. The
contributions from the last two terms in eq. (4) vary
greatly in size depending on the chosen (n1, z1;n2, z2),
but common for all configurations is the fact that the
smooth terms are almost completely eliminated. Inter-
preting the discrete variables N and Z as global, contin-
uous variables automatically results in an elimination up
to and including the second order in the Taylor expansion
of the smooth terms around (N,Z). The leading order
contribution to continuous functions, B˜ and Q˜ analogous
to B and Q, is then third order in the Taylor expansion,
that is
Q˜ =− ∂
3B˜
∂N2∂Z
n1(n1z2 + 2n2z1)− ∂
3B˜
∂N3
n21n2
− ∂
3B˜
∂Z3
z21z2 −
∂3B˜
∂N∂Z2
z1(n2z1 + 2n1z2) , (5)
as seen by direct expansion. This remaining contribution
will always be present for smooth functions when mass
relations based on eq. (2) are constructed. It either has
to be corrected for or included in accuracy estimates.
By severe reduction of the smooth contributions to a
size like in eq. (5) other effects would stand out. De-
sired effects can then be emphasized by suitably chosen
configurations (n1, z1;n2, z2). The shell effect in particu-
lar will figure prominently in certain parts of the nuclear
chart, and the validity of some extrapolations in these
areas will therefore be more doubtful. However, lack-
ing an accurate expression for the general contributions
from shell effects, it is difficult to construct appropriately
corrected mass relations. Also any expression describing
shell effects would be another source of error in the ex-
trapolations. Thus, we shall not attempt to account for
the shell effects, although perhaps detect their presence
by observing systematic deviations.
Instead of the separation energies in eq. (2) we can use
similar combinations arising from Qα values, that is for
n2 = z2 = 2
S(N,Z)−B(4He) = −Qα . (6)
The advantage is that Qα sometimes is much more accu-
rately known than nuclear masses themselves, and this
is especially pronounced for super-heavy nuclei. This
observation is very well established by the experimental
techniques where masses are measured relative to other
masses. Then it is possible to use eq. (2) with Qα values,
which leads to
Q =Q+B(4He)− 2B(4He) +B(4He)
=Qα(N − n1, Z − z1)− 2Qα(N,Z)
+Qα(N + n1, Z + z1) . (7)
Other types of conclusions may then become possible
from Qα relations, as, in addition to the better accuracy,
only three measured values enters eq. (7) in contrast to
the four terms arising from eqs. (2) and (3).
4C. Constructing specific mass relations
The aim is to find a reliable extrapolation of binding
energies through the mass relations in sect. (II B). This is
accomplished by carefully choosing the configuration in
eq. (2) such that the result ideally is zero. If in a certain
area of the nuclear chart, limited only by the available
measured isotopes, a mass relation is prone to return
the value zero, it is reasonable to assume this tendency
would continue beyond the known isotopes. Unknown
binding energies can then be calculated directly from a
given mass relation. However, such extrapolation is only
reliable if the chosen mass relation in fact eliminates all
contributions from the binding energy in eq. (1). Even
then care has to be taken to avoid outlandish results.
Many mass formulas have a tendency to deviate sig-
nificantly when extrapolating outside the experimentally
known region [13]. The present method does not rely on
a specific form of a mass formula. However, eq. (2) al-
lows for an endless number of possible mass relations by
choosing (n1, z1;n2, z2) accordingly, and using too great
values for ni and zi would make the approximation of
eq. (2) as a derivative less accurate. The likelihood of
combining different effects in the result increases when
combining isotopes farther apart, and the extrapolation
would also be less accurate. Similarly, the mass relation
could be chosen to eliminate the smooth parts to any or-
der desired. Unfortunately, this would also come at the
expense of reliability since isotopes farther apart would
be required.
We therefore only apply mass relations where ni and
zi never are larger than 2. Furthermore, to avoid the
quickly varying pairing contribution, we choose to com-
pare nuclei of the same odd-even character. In total we
use here four mass relations where ni and zi are 0 and 2.
They combine nuclei with fixed N , Z, A = N + Z, and
N − Z, respectively, that is defined by
∆2n(N,Z) = Q(2, 0; 2, 0)
∆2p(N,Z) = Q(0, 2; 0, 2)
∆2α(N,Z) = Q(2, 2; 2, 2)
∆2(N−Z)(N,Z) = Q(2,−2; 2,−2) . (8)
The actual nuclei in these four mass relations can be seen
in fig. 1 where the original six nuclei from eq. (2) and (3)
reduce to only four with different weights. These four
mass relations should, ideally, completely eliminate any
contributions from pairing effects. Of course, the actual
results will not be so idealized, and will at the very least
include remnants of the smooth term. Some minor pair-
ing contribution might still remain, since no systematic
theory can account for all these effects as discussed by
Friedman et al. [18]. Still, the combinations shown in
fig. 1 seem intuitively to be more likely to add up to
zero, and thereby providing useful mass relations for the
extrapolations.
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Figure 1. The physical structures of the four mass relations in
eq. (8). The weights assigned to the different isotopes reflect
the concatenation of the six terms from eqs. (2) and (3) into
four.
III. EXTRAPOLATIONS
The actual analysis is divided into two subsections.
First the results are examined individually from apply-
ing the four mass relations to the available measurements
of binding energies. The tendencies are discussed to em-
phasize the relevant structures and provide insight into
the viability of the general method. The areas accessible
to the mass relations will also be determined in the pro-
cess. The measurements are from Audi and Meng [21]
for isotopes in their ground state with nucleon number,
A, spanning 0− 295.
Second, the mass relations are applied to Qα values
with the purpose of analysing general structures found
among the super-heavy elements. The measurements of
Qα are also from Audi and Meng [21], unfortunately, they
are not necessarily of isotopes in their ground state.
A. Procedure and general behavior
The general method described in sect. (II C) is ide-
alized, and constitutes the simplest and most obvious
way to perform the extrapolations. However, a slightly
more complicated procedure is applied to increase accu-
racy and estimate uncertainty. The fundamental idea is
still to combine four different isotopes either horizontally,
vertically, or diagonally.
First the mass relation is tested locally, that is with
∆2n as the example and (N + 2, Z) as the unknown we
compute ∆2n(N − 2, Z), ∆2n(N − 4, Z), and ∆2n(N −
6, Z). Each would be zero if the mass relation is ex-
actly obeyed. A systematic tendency in the region can be
accounted for by computing the non-zero average value
which is used for ∆2n(N,Z) in the prediction of the
5unknown (N + 2, Z) binding energy. Obviously, a sys-
tematic tendency is then accounted for in the prediction
which furthermore now has an extrapolation uncertainty
attached from the spread around the average value of the
mass relation.
With the diagonal relations (∆2(N−Z) and ∆2α) it is
impossible to calculate an average based on three pre-
ceding values. This would reduce the available extrap-
olations almost to none. Instead only the immediately
preceding value is used for ∆2(N−Z).
The uncertainties of the actual extrapolations have two
general sources. The uncertainties in the measurements
combine with the uncertainty of the predicted (non-zero)
average value. Since this expected average is based on
three different, but overlapping applications of the mass
relation, this statistical error is the combination of six dif-
ferent uncertainties in measurements. Depending on the
specific isotopes, and how well they have been measured,
this uncertainty can at times be very significant.
Recently, it has been suggested by Olofsson et al. [17]
that the distribution of binding energies inherently is, at
least partly, chaotic in nature. This is still subject to dis-
cussion as Molinari and Weidenmu¨ller [16] interpret the
results as being due to residual interactions in the shell
model. However, to account for any (chaotic) fluctua-
tions the variation of the average value, computed from
the three mass combinations, must be included in the
final uncertainty of the extrapolated value.
To achieve this we combine the two different contribu-
tions to the uncertainty, that is from measurement and
average. Thus, ri ±
√
s2i + v
2
i = ri ± σi, where i labels
the applied relation, ri is the extrapolated value, si is the
measurement uncertainty, vi is the variation, and σi is the
final uncertainty of the extrapolation. The applicability
of this extrapolation method has limits, and some ener-
gies cannot be meaningfully extrapolated. Consequently,
only results where σ < 500 keV are included, since oth-
erwise the extrapolated values are too uncertain to be of
interest.
We now proceed to investigate the systematic be-
haviour of the mass relations. The results from all four
mass relations are shown in figs. 2 and 3. The most
prominent visible features arise from the shell effects
around the more or less magic numbers. Whenever a
shell crossing is involved, a significant deviation from the
surrounding binding energies appear. How the mass re-
lation is positioned relative to the shell defines both the
sign and the scale of this deviation.
Consequently, because the binding is amplified by the
+3 coefficient on the (N,Z) value (see fig. 1), a mass
relation computed for a magic number (N,Z) must be
significantly greater than for neighbouring isotopes. A
mass relation centred one or possibly even two nucle-
ons before a shell should also have a noticeably greater
outcome, though not to the same extent. Similarly, a re-
lation centred two or three nucleons after a shell would
have a noticeably smaller outcome, since the −3 coef-
ficient in the relation would be closer to the shell and
would therefore dominate over the +3 contribution. If
the relation was centred just after a magic number the
−3 and +3 coefficients would probably cancel, and the
result might appear as if unaffected by shells altogether.
Generally, it is tempting to assume that the extrapola-
tions will be more exact in regions with heavier isotopes,
where changes from isotope to isotope are more gradual.
If the changes are more gradual, the expected outcome
should presumably be more reliable, as the binding en-
ergies themselves would fluctuate less. This can also be
reflected in the attached uncertainties.
B. Results from individual mass relations
The ∆2n and ∆2p relations are shown in fig. 2. They
only combine nuclear masses horizontally and vertically
in the N − Z diagram. They are therefore well suited
for extrapolations beyond neutron and proton drip lines,
but less well suited for the narrow strips of super-heavy
elements. These two mass relations are also only sen-
sitive to their own type of shell effects as seen in the
figures. This confirms again the almost independence of
neutron and proton shell fillings. The very light isotopes
have been omitted, because they disrupted the energy
scale and made minor energy changes less obvious. Their
binding energies and structure are in any case strongly
varying and any meaningful extrapolation would be close
to impossible.
The most prominent features in the ∆2p relation on
fig. 2 are the shells at Z = 50, and 82, but also the
shell at Z = 28 is clearly visible. The trace of these
shells extend over numbers corresponding to the range
of the mass relations. As expected the influence is posi-
tive below and negative above the shells. This symmetry
extends to both sides of a shell, and is reflected in the
size as well. The absolute values at the shells vary, but
is always greater than 1 MeV and often ∼ 2 − 4 MeV.
The results for (N,Z) and (N,Z − 2), when located at
the shell, are nearly identical with opposite sign, which
again demonstrates the symmetry of the shell effect.
It is also interesting to note how neutron shells only
are visible with ∆2p at a proton shell, otherwise the mass
relation is very small. This emphasizes how exclusively
∆2p is concerned with effects relating to protons. The
neutron and proton shells are to a large extent, away
from drip lines, filled independently. The region around
Z = 40 where N > 50, shows many characteristics oth-
erwise found in shells. There is an increase in energy
just before Z = 40 and a decrease in energy afterwards,
with a slight fluctuation at Z = 40, which is similar to
the shell at Z = 82. The energy changes are less pro-
nounced than for other shells and the energy changes are
also less well-defined. Nevertheless, the general smooth
behaviour in the region is clearly disrupted, and the re-
sult is compatible with Z = 40 as the most prominent
subshell.
Overall, the ∆2p relation has away from shells, a very
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Figure 2. The vertical relation ∆2p with the horizontal relation ∆2n below applied to all isotopes with A > 30. The colour
scale is in keV and extrapolated isotopes are in black.
70 20 40 60 80 100 120 140 160
0
20
40
60
80
100
N
Z
 
 
∆2α
−10000
−8000
−6000
−4000
−2000
0
2000
4000
6000
8000
0 20 40 60 80 100 120 140 160
0
20
40
60
80
100
N
Z
 
 
∆2(N−Z)
−12000
−10000
−8000
−6000
−4000
−2000
0
2000
4000
6000
8000
Figure 3. The two diagonal relations, ∆2α above and ∆2(N−Z) below applied to all isotopes with A > 30. The colour scale is
in keV and extrapolated isotopes are in black.
8pronounced tendency to more or less vanish. In partic-
ular, the region beyond the Z = 50 shell is smooth and
typically less than 500 keV numerically. Extrapolations
from this region should then be very reliable. This claim
will be carefully investigated in sect. (IV), where we also
compare to extrapolations from other mass relations.
The results in fig. 2 from ∆2n are incredibly similar
in most regards to the results for ∆2p. The same ten-
dency to complete cancellation is observed, though the
remains are typically less than 300 keV when evaluated
numerically. Actually, every visible feature appears more
distinctly. The shells at N = 28, 50, 82, and 126 are not
only obvious, they are sharply defined and confined to
the area immediately surrounding the shells. The sym-
metry around the shell itself is also still present, and it
is as clear as for protons. The size of the shell deviations
are ∼ 2−4 MeV, again very much comparable to the ∆2p
results.
More interesting is the region around (Z,N) =
(40, 60), where once again a deviation is visible. The
same region where the Z = 40 subshell was visible with
∆2p now shows a deviation with ∆2n. This is particu-
larly interesting considering that none of the major pro-
ton shells are visible away from a neutron shell, which
suggest that this is not solely a shell effect. The devi-
ation has some similarities with the other shells, but it
is still decisively different from an ordinary shell. Most
strikingly, the energy first increases, then decreases, and
then increases again, which again suggests that this effect
arises from a more complicated structure than a regular
shell effect.
As an example of the possible use of these mass rela-
tions we look into this mass region in a little more details.
The figs. 2a and 2b clearly show shell structures around
(Z,N) = (40, 58). First, the neutron shell at N = 58 is
less prominent than the well established major shells, but
nevertheless unmistakingly recognized by the mass rela-
tions deviating from zero. This observation of a neutron
subshell for N = 58, 60 is discussed in [19].
These shells for Z = 40 and N = 58 do not extend
through all the known isotopes. For Z = 40, the struc-
ture is absent for N < 49, and present for 49 < N < 63.
For N = 58, the structure is absent for Z > 42, and
present for 38 < Z < 42. The explanations can be
found by inspecting the fillings of the corresponding neu-
tron and proton shells. For nucleon numbers between 40
and 50, the g9/2 shell is only partly occupied. Adding
more nucleons require occupation of other shells, that is
g7/2, d5/2 and possibly s1/2. Then the neutron shell at
N = 58 disappears when Z increases beyond 42. This
is precisely when at least 4 protons occupy the g9/2 shell
which therefore wants to deform to avoid the degeneracy.
The neutron shell is not sufficiently strong to prevent this
deformation. For Z = 40, the proton shell is only visible
for N larger than 48, which is when the rather close-lying
g7/2 and d5/2 levels begin to be occupied. The gain in
neutron deformation energy is not sufficient to overcome
the rather strong spherical proton shell effect. The rea-
son is that the neutron single-particle level density only
changes relatively little with modest deformation.
The results from using the diagonal relations for ∆2α
and ∆2(N−Z) are presented in fig. 3. The ∆2α relation
is oriented diagonally towards the heavy isotopes in the
chart of nuclides. It should therefore be able to extrapo-
late to heavier isotopes than any of the other mass rela-
tion. Unfortunately, this orientation also rather strongly
confines it to the isotopes at the heavy end of known
isotopes.
The shells are again very pronounced, but now all
the structures from both ∆2p and ∆2n appear in ∆2α.
It is interesting to notice how the neutron shells are
more sharply defined than the proton shells, as it also
appeared when comparing the results of ∆2p and ∆2n.
Not surprisingly, the deviation around (Z,N) = (40, 60)
is even more prominent here, but also the area around
(Z,N) = (60, 92) shows a rather strong deviation from
zero. This deviation could also be detected with ∆2n,
albeit more faintly, but it was almost invisible with ∆2p.
A clear and significant effect in this mass region is there-
fore somewhat surprising, but it demonstrates how well
∆2α detects the more elusive tendencies.
As ∆2α includes more effects than ∆2p and ∆2n, the re-
sults also vary much more. The reliability of any extrapo-
lated result might therefore be questionable. This objec-
tion is legitimate for extrapolations involving several dif-
ferent shells. However, away from shells the fluctuations
around zero are generally less than 500 keV. In partic-
ular, a promising mass region with smooth behaviour is
N > 126 and Z > 82. For heavy or super-heavy isotopes
the results should be as reliable as with ∆2p or ∆2n at the
drip lines. This suggests interesting extrapolations with
∆2α in the less accessible region of heavy or super-heavy
nuclei.
Finally, the other diagonal relation, ∆2(N−Z), is shown
in fig. (3). Unfortunately, it is oriented perpendicular to
the rather narrow strip of measured masses. The number
of isotopes to which this relation can be readily applied
is therefore rather limited. On the other hand it points
directly towards the boundary of the known nuclear ter-
ritory which then should allow extrapolations coinciding
with ∆2n and ∆2p. However, the general behaviour is the
same as with ∆2α, and both proton and neutron shells
are clearly visible. This limits the possibilities for reliable
extrapolations.
These discussions suggest that the mass relation with
the largest extrapolation potential seem to be the ∆2n re-
lation. It generally cancels completely, is affected by few
unpredictable effects, and it sharply defines the neutron
shells. The same is true for the ∆2p relation, although
its nature is slightly more erratic. The diagonal relations
∆2(N−Z) and ∆2α should be as reliable as ∆2n or ∆2p,
but more care must be taken when applying them, as
they are more often influenced by shells.
Viewed collectively the results unanimously corrobo-
rate the predictions from sect. (II), which in turn indi-
cates that the initial division of the binding energy in the
9three characteristic terms is well founded.
C. Evaluations with Qα values
The available measurements of Qα values extend to far
heavier isotopes than the binding energies, although re-
cent developments at SHIPTRAP [20] in measuring ab-
solute masses may allow for more extensive use of our
method in the future. Qα can therefore provide greater
insight into the nature of the super-heavy isotopes. Ap-
plying Qα values as outlined in eq. (7) have a number
of advantages. Not only are they measured to a higher
nucleon number, but eq. (7) only employs three differ-
ent measurements, which gives a more compact relation,
more likely to be applicable. Unfortunately, the mea-
sured Qα values do not necessarily relate to ground state
configurations. The specific state, in particular, among
the super-heavy isotopes are usually unknown. This fact
alone makes it very difficult to extrapolate binding en-
ergies accurately from chains of connected Qα measure-
ments. As a consequence we shall only use the results
to shed light on the general tendencies of the binding
energies in the super-heavy region.
The results for the super-heavy region are displayed in
fig. 4 for both ∆2α and ∆2n relations. We notice first
of all a rather clear picture of the deviation from zero
around the known high-end shells at N = 126 and Z =
82. The size of the deviations is∼ 2−4 MeV both positive
and negative.
Otherwise, the most interesting feature in fig. 4, visible
with both ∆2α and ∆2n, is the systematic non-zero val-
ues around N = 152. This deviation extend through all
evaluations with ∆2α, and with ∆2n significant positive
deviations are also visible. This is exactly the behaviour
expected from a minor shell, and with ∆2n the deviations
are even symmetric around the shell. The size of the devi-
ations are ∼ 1 MeV, so it is rather weak compared with
other shells. This is not surprising considering the nu-
cleon number it occurs at, but these features definitely
corresponds to that of an ordinary shell. On the other
hand, no other shell effect appears even though the con-
tinued increasing stability demonstrate that some shell
effects provide the necessary smaller binding energy.
IV. EXTRAPOLATED BINDING ENERGIES
We shall compare the results from different extrapo-
lations, and define a suitable average leading to better
accuracy. Any systematic discrepancies between the in-
dividual relations should be accentuated by such a com-
bination. Particularly interesting are applications in the
region where Z > 82 and N < 126, which is less known.
The estimations presented by Audi and Meng [21] for
instance diligently cover most of the chart of nuclides ex-
cept for this specific area. After the general discussion
we shall provide tables of extrapolated nuclear binding
energies.
A. Improving the accuracy
The individual extrapolations are all legitimate at-
tempts at estimating the binding energy of unknown iso-
topes. In the landscape of binding energies each linear
mass relation can be seen as approaching the unknown
isotope from a different direction. A single mass relation
cannot be expected to provide perfect predictions, be-
cause of the fluctuating, possibly chaotic, nature of the
binding energy. However, if a particular isotope could
be approached from several different directions, the ex-
pected fluctuations could be viewed from several sides,
which would provide a clearer image of the given iso-
tope. In other words, if an isotope could be extrapolated
by several different mass relations, the results could be
examined and used either to select the most accurate of
the extrapolations or combined to provide a much more
reliable estimate of the binding energy.
Comparing different extrapolations would also exam-
ine the legitimacy of the method itself. If different ex-
trapolations for the same isotope deviated significantly it
could cast doubt on the entire procedure. Different mass
relations will, of course, involve shells or other influenc-
ing factors at different isotopes, and care must be taken
when comparing the extrapolations.
There are several considerations to bear in mind, when
combining extrapolations based on different mass rela-
tions. Both when selecting or prioritizing particular ex-
trapolations, and when calculating an appropriate uncer-
tainty for the final result. To avoid confusion the exact
procedure leading to the recommended results will first
be explained in some detail.
First of all, it is vital that the individual extrapola-
tions seem reliable, and have a certain degree of preci-
sion. To accommodate these requirements only extrapo-
lations with a limited uncertainty, specifically extrapola-
tions where σi < 500 keV, are included in the calculated
average. However, to demonstrate the possible fallibil-
ity of the individual mass relations in certain areas, all
extrapolations of relevant isotopes, even if unused, are
included in table I. The final column in table I lists the
mass relations used in the calculated average.
The actual weighted average is calculated in stages to
both account for known effects such as shells and to de-
tect general deviations. First we use all extrapolations
with σi < 500 keV to provide ri ± σi. Second, we define
the relation
fi =
|ri − r|
σi
, (9)
where r denotes the average, and ri is the individual ex-
trapolation. If max(fi) < 3/2, then the individual ex-
trapolations are within an acceptable range of the aver-
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Figure 4. Results of evaluating Qα values with the ∆2α relation above and the ∆2n relation below. The evaluations are confined
to the superheavy isotopes. The colour scale is still in keV.
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age, and the uncertainty for the average value is defined
as σ = min(σi).
Otherwise, if max(fi) > 3/2 the individual extrapo-
lations differ too greatly from the average result, and
the computed average has little meaning. Any extrapo-
lations involving shell crossings or crossing the N = Z-
line often differs from the general tendencies, as appar-
ent from figs. 2 and 3. These results are marked with
a * symbol in table I, and are considered less reliable.
The marked extrapolations are then excluded, and a new,
more plausible, average is calculated. Based on this av-
erage a relation similar to the one presented in eq. (9)
is defined, though now obtained by fewer extrapolations.
Once again, if max(fi) < 3/2, then the uncertainty is
defined as σ = min(σi).
The extrapolations may be incompatible as in the
neighbourhood of closed shells or by crossing the N = Z
line. Then a meaningful uncertainty is defined as σ =
2/3 max(|ri − r|), where ri only includes the extrapola-
tions used in the final calculation of r. As a consequence
of this procedure some results might be based on a sin-
gle extrapolation, even though multiple mass relations
have estimated the isotope. The other available extrap-
olations could for instance involve a shell crossing, and
would then be discarded if the initial results were in-
compatible. Actually, some isotopes, which have been
estimated by several mass relations, might not have a
meaningful resulting average at all, if all the extrapola-
tions had an uncertainty exceeding 500 keV. The isotopes
in both cases, those with either an average based on a sin-
gle extrapolation or no average at all, have been omitted
from table I, as they provided no relevant information.
Nucleus Estimates of binding energies [keV] Average [keV] Applied Relations
(Z, N) ∆2n ∆2p ∆2α ∆2(N−Z)
( 26, 43) 576250 ±1292 ∗577468 ± 239 ∗577029 ± 202 ∗578091 ± 275 577422 ± 446 ∆2p, ∆2α, ∆2(N−Z)
( 26, 44) 579206 ±2256 ∗582840 ± 250 - ∗584436 ± 276 583561 ± 583 ∆2p, ∆2(N−Z)
( 27, 45) 597521 ±2633 ∗601637 ± 257 ∗601272 ± 152 ∗601465 ± 361 601378 ± 152 ∆2p, ∆2α, ∆2(N−Z)
( 28, 46) 623965 ± 648 ∗623861 ± 297 ∗619868 ±2212 ∗624385 ± 203 624218 ± 203 ∆2p, ∆2(N−Z)
( 32, 55) ∗719433 ± 237 721976 ±1353 - ∗718789 ± 410 719272 ± 237 ∆2n, ∆2(N−Z)
( 33, 55) ∗733407 ± 256 735628 ±1530 738781 ±2351 ∗732688 ± 394 733193 ± 256 ∆2n, ∆2(N−Z)
( 36, 33) 561880 ± 486 561002 ±1513 - 565048 ± 294 564201 ±1548 ∆2n, ∆2(N−Z)
( 36, 34) ∗580478 ± 192 ∗582467 ±2134 - 580221 ± 276 580395 ± 192 ∆2n, ∆2(N−Z)
( 36, 62) 806662 ± 366 807701 ± 185 - 805037 ±1328 807490 ± 552 ∆2n, ∆2p
( 36, 63) 808943 ± 422 811736 ± 540 - 811516 ± 78 811431 ±1659 ∆2n, ∆2(N−Z)
( 37, 35) ∗592557 ± 489 ∗594706 ±1896 - 593650 ± 362 593264 ± 362 ∆2n, ∆2(N−Z)
( 38, 64) 846621 ±1136 845897 ± 155 - 846966 ± 256 846184 ± 521 ∆2p, ∆2(N−Z)
( 40, 38) - ∗642144 ± 166 - 642129 ± 151 642136 ± 151 ∆2p, ∆2(N−Z)
( 40, 42) 694171 ±4774 694590 ± 230 694624 ± 145 696013 ±1606 694614 ± 145 ∆2p, ∆2α
( 42, 70) 928505 ± 382 928726 ±2999 - 929351 ± 271 929068 ± 271 ∆2n, ∆2(N−Z)
( 45, 74) 988066 ± 193 ∗986373 ±1081 ∗986234 ±1019 ∗987801 ± 216 987949 ± 193 ∆2n, ∆2(N−Z)
( 45, 75) 991514 ± 260 ∗990420 ±1214 ∗991092 ±2681 ∗991504 ± 176 991507 ± 176 ∆2n, ∆2(N−Z)
( 48, 48) ∗797281 ± 190 ∗793119 ± 175 - ∗795277 ±1121 795033 ±1499 ∆2n, ∆2p
( 48, 83) - ∗1080376 ± 381 - ∗1084581 ± 197 1083690 ±2209 ∆2p, ∆2(N−Z)
( 49, 84) ∗1097714 ± 232 ∗1095129 ± 400 - ∗1102390 ± 87 1101543 ±4276 ∆2n, ∆2p, ∆2(N−Z)
( 50, 51) ∗835352 ± 287 ∗836267 ± 295 - ∗835137 ± 117 835299 ± 646 ∆2n, ∆2p, ∆2(N−Z)
( 52, 52) ∗848264 ± 323 ∗852185 ± 353 - ∗850904 ± 194 850562 ±1532 ∆2n, ∆2p, ∆2(N−Z)
( 52, 87) ∗1138134 ±1243 1140623 ± 270 - ∗1140110 ± 265 1140362 ± 265 ∆2p, ∆2(N−Z)
( 53, 85) ∗1144407 ±1509 1143992 ± 221 1144890 ± 266 ∗1142366 ±2237 1144358 ± 355 ∆2p, ∆2α
( 58, 94) 1240393 ± 202 1241112 ± 409 - 1242205 ± 155 1241501 ± 738 ∆2n, ∆2p, ∆2(N−Z)
( 60, 68) 1047404 ± 187 1049530 ±2129 - 1046496 ± 93 1046674 ± 487 ∆2n, ∆2(N−Z)
( 60, 95) 1268120 ± 682 1266702 ± 277 1266251 ± 423 1266860 ± 771 1266566 ± 277 ∆2p, ∆2α
( 61, 70) 1070175 ± 395 1070384 ± 762 - 1068999 ± 333 1069488 ± 458 ∆2n, ∆2(N−Z)
( 61, 71) 1079011 ±1534 1080538 ±1146 1079524 ± 388 1079127 ± 303 1079277 ± 303 ∆2α, ∆2(N−Z)
( 62, 70) - 1072374 ± 446 - 1072246 ± 122 1072254 ± 122 ∆2p, ∆2(N−Z)
( 62, 71) 1081835 ±1800 1081867 ± 393 - 1082341 ± 181 1082257 ± 181 ∆2p, ∆2(N−Z)
( 62, 72) 1094145 ±2024 1094109 ± 362 1094870 ± 209 1094296 ± 165 1094471 ± 266 ∆2p, ∆2α, ∆2(N−Z)
( 62, 98) 1302650 ± 448 1302344 ± 214 - 1302713 ±1063 1302401 ± 214 ∆2n, ∆2p
( 63, 72) - 1094922 ± 283 - 1093656 ± 499 1094614 ± 638 ∆2p, ∆2(N−Z)
( 63, 74) 1117498 ±3591 1116361 ± 210 1117409 ± 344 1115580 ± 695 1116645 ± 509 ∆2p, ∆2α
( 64, 74) 1120095 ±3568 1119918 ± 109 - 1119650 ± 144 1119820 ± 109 ∆2p, ∆2(N−Z)
( 64,100) 1333063 ± 248 1332671 ± 328 1333134 ± 489 1334078 ± 641 1332950 ± 248 ∆2n, ∆2p, ∆2α
( 64,101) 1337977 ± 453 1337702 ± 295 - 1338532 ± 730 1337784 ± 295 ∆2n, ∆2p
( 65,100) 1341837 ± 190 1341306 ± 491 1339899 ± 757 1342848 ± 424 1341928 ± 613 ∆2n, ∆2p, ∆2(N−Z)
( 67,105) 1387302 ± 333 1387183 ± 498 1385586 ±1250 1388720 ± 385 1387762 ± 639 ∆2n, ∆2p, ∆2(N−Z)
( 68,105) 1396784 ± 436 1398240 ± 323 1397201 ± 58 1398343 ± 161 1397349 ± 663 ∆2n, ∆2p, ∆2α, ∆2(N−Z)
( 68,106) 1403282 ± 249 1404464 ± 609 1404991 ± 357 1404826 ± 129 1404544 ± 841 ∆2n, ∆2α, ∆2(N−Z)
Continued on next page
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Nucleus Estimates of binding energies [keV] Average [keV] Applied Relations
(Z, N) ∆2n ∆2p ∆2α ∆2(N−Z)
( 69,108) 1422022 ± 184 1423137 ± 998 - 1422893 ± 93 1422716 ± 463 ∆2n, ∆2(N−Z)
( 69,109) 1426615 ± 361 1428561 ±1044 - 1427412 ± 474 1426908 ± 361 ∆2n, ∆2(N−Z)
( 70,109) 1436405 ± 360 1435954 ±1439 1436501 ± 103 1435908 ± 635 1436494 ± 103 ∆2n, ∆2α
( 71, 83) ∗1227402 ± 438 1227271 ± 471 - ∗1226192 ± 779 1227341 ± 438 ∆2n, ∆2p
( 71,110) 1450595 ± 425 1448160 ±1502 1450074 ± 93 1450005 ± 593 1450097 ± 93 ∆2n, ∆2α
( 72, 85) 1249894 ± 187 1249664 ± 319 - 1250965 ± 638 1249835 ± 187 ∆2n, ∆2p
( 73, 85) 1250003 ± 404 1249843 ± 497 - 1250054 ± 235 1250013 ± 235 ∆2n, ∆2p, ∆2(N−Z)
( 74, 87) 1271494 ± 365 1272211 ± 113 - 1272571 ± 361 1272183 ± 459 ∆2n, ∆2p, ∆2(N−Z)
( 75, 87) 1271867 ± 492 1271718 ± 302 - 1270835 ± 507 1271759 ± 302 ∆2n, ∆2p
( 75, 92) 1324297 ± 207 1324669 ± 311 1323990 ± 403 1325523 ±1207 1324346 ± 207 ∆2n, ∆2p, ∆2α
( 75,118) 1529546 ± 345 ∗1529841 ±1167 ∗1530772 ±2269 ∗1530133 ± 429 1529776 ± 345 ∆2n, ∆2(N−Z)
( 76, 89) 1293730 ± 390 1293974 ± 229 - 1294570 ± 340 1294078 ± 229 ∆2n, ∆2p, ∆2(N−Z)
( 77, 88) 1282791 ± 307 1283328 ± 429 - 1281841 ± 531 1282973 ± 307 ∆2n, ∆2p
( 77, 93) 1335380 ± 180 1335618 ± 220 1335199 ± 400 1336152 ± 643 1335446 ± 180 ∆2n, ∆2p, ∆2α
( 78, 91) 1314656 ± 761 1315246 ± 242 - 1314896 ± 292 1315104 ± 242 ∆2p, ∆2(N−Z)
( 79, 90) 1303813 ± 240 1304075 ± 282 - 1303200 ± 380 1303787 ± 391 ∆2n, ∆2p, ∆2(N−Z)
( 79, 95) 1356317 ± 297 1356279 ± 181 - 1355432 ± 528 1356290 ± 181 ∆2n, ∆2p
( 80, 93) 1335989 ± 479 1336045 ± 258 - 1336382 ± 448 1336104 ± 258 ∆2n, ∆2p, ∆2(N−Z)
( 80,131) - ∗1644785 ± 366 - ∗1643683 ± 294 1644115 ± 447 ∆2p, ∆2(N−Z)
( 81, 97) 1377933 ± 406 ∗1377553 ± 446 - ∗1377229 ± 220 1377415 ± 220 ∆2n, ∆2p, ∆2(N−Z)
( 82, 94) 1346745 ± 126 ∗1347085 ± 243 ∗1346991 ±1303 ∗1347653 ± 636 1346817 ± 126 ∆2n, ∆2p
( 82, 95) 1356385 ± 434 ∗1356892 ± 452 - ∗1357465 ± 853 1356628 ± 434 ∆2n, ∆2p
( 83, 98) - ∗1389816 ± 321 ∗1390047 ± 488 ∗1391306 ±1084 1389886 ± 321 ∆2p, ∆2α
( 84, 96) - ∗1366448 ± 262 - ∗1366742 ± 156 1366665 ± 156 ∆2p, ∆2(N−Z)
( 84, 98) - ∗1389136 ± 311 ∗1388890 ± 132 ∗1389155 ± 80 1389087 ± 80 ∆2p, ∆2α, ∆2(N−Z)
( 84, 99) - ∗1399474 ± 424 ∗1398674 ± 463 ∗1398201 ± 227 1398514 ± 640 ∆2p, ∆2α, ∆2(N−Z)
( 84,140) - 1712129 ± 227 - 1711176 ± 253 1711704 ± 352 ∆2p, ∆2(N−Z)
( 84,141) - 1715816 ± 384 - 1714216 ± 141 1714407 ± 939 ∆2p, ∆2(N−Z)
( 84,142) - 1720838 ± 290 - 1719998 ± 55 1720027 ± 541 ∆2p, ∆2(N−Z)
( 84,143) - 1724348 ± 237 - 1723840 ± 270 1724127 ± 237 ∆2p, ∆2(N−Z)
( 86,103) - ∗1438847 ± 349 - ∗1438645 ± 271 1438721 ± 271 ∆2p, ∆2(N−Z)
( 86,144) 1747230 ± 93 1747198 ± 173 - 1746714 ± 170 1747127 ± 276 ∆2n, ∆2p, ∆2(N−Z)
( 86,145) 1751216 ± 89 - - 1750244 ± 110 1750834 ± 393 ∆2n, ∆2(N−Z)
( 87,111) 1520866 ± 442 ∗1519842 ±1133 ∗1520530 ± 312 ∗1520839 ±1472 1520642 ± 312 ∆2n, ∆2α
( 88,146) 1772938 ± 147 - - 1771596 ± 496 1772829 ± 822 ∆2n, ∆2(N−Z)
( 90,116) 1572224 ± 841 1572457 ±1181 1572136 ± 212 1572279 ± 167 1572224 ± 167 ∆2α, ∆2(N−Z)
( 90,117) 1580086 ±1803 1581275 ±1135 1580703 ± 450 1580524 ± 489 1580621 ± 450 ∆2α, ∆2(N−Z)
( 90,147) 1791915 ± 232 - - 1792436 ± 256 1792150 ± 232 ∆2n, ∆2(N−Z)
( 92,123) - 1641179 ±2031 1638388 ± 342 ∗1639006 ± 358 1638683 ± 342 ∆2α, ∆2(N−Z)
( 92,149) 1816700 ± 422 - 1816384 ± 247 - 1816465 ± 247 ∆2n, ∆2α
( 94,131) - 1706355 ± 424 - 1705431 ± 131 1705512 ± 562 ∆2p, ∆2(N−Z)
( 94,132) 1714752 ± 162 1714640 ± 303 - 1714508 ± 50 1714531 ± 50 ∆2n, ∆2p, ∆2(N−Z)
( 94,154) 1856744 ± 85 1856600 ± 359 - - 1856736 ± 85 ∆2n, ∆2p
( 95,132) - 1715359 ± 480 - 1714860 ± 254 1714969 ± 254 ∆2p, ∆2(N−Z)
( 96,134) - 1734758 ± 458 - 1734312 ± 174 1734368 ± 174 ∆2p, ∆2(N−Z)
( 96,136) 1751675 ± 294 - 1752023 ± 382 1750297 ± 415 1751444 ± 765 ∆2n, ∆2α, ∆2(N−Z)
( 98,140) 1786792 ± 243 1787021 ± 237 1786900 ± 712 - 1786909 ± 237 ∆2n, ∆2p
(100,144) 1822301 ± 819 1821948 ± 172 1822088 ± 327 - 1821979 ± 172 ∆2p, ∆2α
Table I: The results of combining the extrapolations based on the four different mass relations. The
final column indicates which relations were used when calculating a particular average. Only ex-
trapolations with an uncertainty σi < 500 keV were considered when calculating this average. If an
extrapolation includes isotopes influence by either a shell or on the N = Z line, it is marked with a *
symbol.
B. Numerical results
All the results presented in table I have merit and pro-
vide some information, though not all will be commented
on. Instead, focus will be on a select few, which demon-
strates the various considerations necessary when evalu-
ating the results. Though, some general propensities can
be seen by observing the results as a whole.
It is immediately obvious that extrapolations based on
∆2α feature a lot less frequently than any of the other
mass relations. The reason is that ∆2α extrapolates along
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the stability curve and towards the super-heavy nuclei.
This makes it difficult to compare ∆2α with any of the
other relations as they rarely coincide. From table I it
is also evident that most results are calculated based on
only two different mass relations. Of course, a combina-
tion based on additional extrapolations would be prefer-
able, but even if just two are comparable the result’s
credibility would increase greatly.
The applicability of the mass relations in various ar-
eas across the chart of nuclides is demonstrated by the
scattered results. Viewing this erratic distribution col-
lectively, it is clear that the results are more consistent
with a greater degree of certainty among the heavier iso-
topes. The difference between extrapolations with lighter
isotopes are typically ∼ 800 keV, whereas the heavier iso-
topes often differ with less than 400 keV. There are also
extrapolations with very large differences, but these are
almost exclusively found among the light nuclei. This
tendency was to be expected as the binding energy per
nucleon generally varies more for lighter isotopes.
Nucleus Estimates of binding energies [keV] Measured Differences [keV]
(Z, N) Average Audi and Meng [keV] A & M Exp.
( 26, 43) 577422 ± 446 574977 ± 483 - 2445 -
( 26, 44) 583561 ± 583 580930 ± 630 - 2631 -
( 27, 45) 601378 ± 152 599688 ± 576 - 1690 -
( 28, 46) 624218 ± 203 624042 ± 370 - 176 -
( 32, 55) 719272 ± 237 721404 ± 522 - −2132 -
( 33, 55) 733193 ± 256 735328 ± 440 - −2135 -
( 36, 33) 564201 ± 1548 561177 ± 414 - 3024 -
( 36, 34) 580395 ± 192 578410 ± 350 - 1985 -
( 36, 62) 807490 ± 552 807324 ± 490 - 166 -
( 36, 63) 811431 ± 1659 809622 ± 495 - 1809 -
( 37, 35) 593264 ± 362 590328 ± 504 - 2936 -
( 38, 64) 846184 ± 521 845988 ± 204 845904 ± 70 196 280
( 40, 38) 642136 ± 151 639600 ± 468 - 2536 -
( 40, 42) 694614 ± 145 694458 ± 164 - 156 -
( 42, 70) 929068 ± 271 928704 ± 336 - 364 -
( 45, 74) 987949 ± 193 988176 ± 238 988104 ± 9 −227 −155
( 45, 75) 991507 ± 176 992160 ± 240 - −653 -
( 48, 48) 795033 ± 1499 792864 ± 384 - 2169 -
( 48, 83) 1083690 ± 2209 1075117 ± 131 - 8573 -
( 49, 84) 1101543 ± 4276 1092861 ± 266 - 8682 -
( 50, 51) 835299 ± 646 835977 ± 303 836391 ±300 −678 −1092
( 52, 87) 1140362 ± 265 1141607 ± 417 1141436 ± 4 −1245 −1074
( 53, 85) 1144358 ± 355 1144296 ± 138 1144357 ± 6 62 1
( 58, 94) 1241501 ± 738 1240776 ± 152 - 725 -
( 60, 68) 1046674 ± 487 1046272 ± 256 - 402 -
( 60, 95) 1266566 ± 277 1266505 ± 155 1266398 ± 16 61 168
( 61, 70) 1069488 ± 458 1069222 ± 131 - 266 -
( 61, 71) 1079277 ± 303 1079364 ± 132 - −87 -
( 62, 70) 1072254 ± 122 1071576 ± 264 - 678 -
( 62, 71) 1082257 ± 181 1081822 ± 133 - 435 -
( 62, 72) 1094471 ± 266 1094244 ± 134 - 227 -
( 62, 98) 1302401 ± 214 1303360 ± 160 1303142 ± 10 −959 −741
( 63, 72) 1094614 ± 638 1094445 ± 270 - 169 -
( 63, 74) 1116645 ± 509 1116550 ± 137 - 95 -
( 64, 74) 1119820 ± 109 1119456 ± 138 - 364 -
( 64,100) 1332950 ± 248 1333484 ± 328 - −534 -
( 64,101) 1337784 ± 295 1338315 ± 495 - −531 -
( 65,100) 1341928 ± 613 1341615 ± 165 - 313 -
( 67,105) 1387762 ± 639 1387352 ± 172 - 410 -
( 68,105) 1397349 ± 663 1396802 ± 173 - 547 -
( 68,106) 1404544 ± 841 1403136 ± 348 - 1408 -
( 69,108) 1422716 ± 463 1422195 ± 354 - 521 -
( 69,109) 1426908 ± 361 1426848 ± 356 - 60 -
( 70,109) 1436494 ± 103 1436475 ± 358 - 19 -
( 71, 83) 1227341 ± 438 1227072 ± 154 - 269 -
( 71,110) 1450097 ± 93 1450172 ± 362 1450159 ±159 −75 −62
( 72, 85) 1249835 ± 187 1249563 ± 157 - 272 -
( 73, 85) 1250013 ± 235 1249148 ± 158 - 865 -
Continued on next page
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Nucleus Estimates of binding energies [keV] Measured Differences [keV]
(Z, N) Average Audi and Meng [keV] A & M Exp.
( 74, 87) 1272183 ± 459 1272061 ± 161 - 122 -
( 75, 87) 1271759 ± 302 1271214 ± 162 - 545 -
( 75, 92) 1324346 ± 207 1324143 ± 0 - 203 -
( 75,118) 1529776 ± 345 1529332 ± 193 1529324 ± 38 444 452
( 76, 89) 1294078 ± 229 1293930 ± 165 - 148 -
( 77, 88) 1282973 ± 307 1283205 ± 165 - −232 -
( 77, 93) 1335446 ± 180 1335180 ± 170 - 266 -
( 78, 91) 1315104 ± 242 1315327 ± 169 - −223 -
( 79, 90) 1303787 ± 391 1304004 ± 338 - −217 -
( 79, 95) 1356290 ± 181 1356852 ± 174 - −562 -
( 80, 93) 1336104 ± 258 1336252 ± 173 - −148 -
( 80,131) 1644115 ± 447 1640947 ± 211 - 3168 -
( 81, 97) 1377415 ± 220 1378076 ± 178 - −661 -
( 84,140) 1711704 ± 352 1712480 ± 224 - −776 -
( 84,141) 1714407 ± 939 1716075 ± 225 - −1668 -
( 84,142) 1720027 ± 541 1721216 ± 452 - −1189 -
( 84,143) 1724127 ± 237 1724519 ± 454 - −392 -
( 86,144) 1747127 ± 276 1747080 ± 230 - 47 -
( 86,145) 1750834 ± 393 1750749 ± 231 - 85 -
( 88,146) 1772829 ± 822 1772784 ± 468 1772949 ± 31 45 −120
( 90,147) 1792150 ± 232 1792194 ± 474 - −44 -
( 92,149) 1816465 ± 247 1816899 ± 241 - −434 -
( 98,140) 1786909 ± 237 1787142 ± 476 - −233 -
(100,144) 1821979 ± 172 1822192 ± 244 - −213 -
Table II: The average of the extrapolated values from table I compared to estimates by Audi and
Meng [21] and to experimental measurements of ten nuclei. The differences between the average and
both the estimates and the measurements are listed in the final two columns.
The uncertainty connected to the final average value
mostly comes from only one of the relevant extrapola-
tions. This indicates that the extrapolations generally
are compatible, and makes the final results more credible.
However, some results are questionable, where the uncer-
tainty has been calculated based on the distance between
extrapolations. For instance is σ > 1 MeV for (48, 48),
(48, 83), (49, 84), and (52, 52) which makes these results
less useful. Such uncertainties are not surprising in view
of the involved isotopes, where for example rapidly vary-
ing shell effects are pronounced. On the other hand, the
significant uncertainty of for instance (84, 141) is some-
what more troubling. Considering the involved extrap-
olations a better result could have been expected. This
goes to show the volatility the method in the vicinity of
shells, and emphasizes the care that must be taken when
analysing these results.
Inconsistent results like those are clearly in the mi-
nority, as most have an acceptable uncertainty based on
very compatible extrapolations. For instance the aver-
ages for (84, 98), (86, 103), (86, 144), (90, 116), (94, 132)
and (94, 154) are all based on very consistent extrapola-
tions. The benefit of combining different mass relations
is also emphasized when considering (90, 116), where ∆2n
and ∆2p have extrapolations with significant uncertain-
ties. The average is then based on ∆2α and ∆2(N−Z),
but the final average value is actually consistent with the
extrapolations based on ∆2n and ∆2p.
Results where Z > 82 and N < 126 are perhaps
more interesting. The area defined by these shells has
traditionally been difficult to estimate, and isotopes in
this area extrapolated by multiple mass relation deserves
special attention. Some of these extrapolations involve
shells, and must be viewed with suspicion. The nine
extrapolations in this area are generally internally con-
sistent, including even those influenced by shells. They
must be used with care, but the remaining majority seem
to be especially reliable. In particular, the results for
(90, 116) and (90, 117) are based on very close-lying ex-
trapolations, and (90, 116) also have a very reasonable
uncertainty.
Actually, it could be argued that the procedure is too
exclusive in certain situations. For instance the heav-
ier isotopes like (90, 117), or in particular (98, 140), and
(100, 144), could possibly have included additional mass
relations in the calculations. Here some extrapolations
have been excluded based on their uncertainties, even
though the final result agrees almost perfectly with these
extrapolations. The preferred attitude has been to err
on the side of caution, which is why these extrapolations
have been excluded.
To get an indication of whether the averages are rea-
sonable extrapolations, they are in table II compared
with estimates provided by Audi and Meng [21]. For
Z < 64 the deviation between the estimates are often
greater than 1 MeV, which again indicates that extrap-
olations are less reliable for light isotopes. However, for
Z > 64 the differences are usually less than 300 keV, and
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Figure 5. The differences between our extrapolations and the
measured values where the errorbars are based solely on the
extrapolated uncertainties. The crosses indicate the differ-
ence between Audi and Meng’s extrapolations and the mea-
surements.
the uncertainties are also very much comparable.
Table II also includes a comparison with ten nuclei
not included in Audi and Meng’s preliminary mass ta-
ble. The measurement of 139Te was done by Hakala et
al [22], whereas 138I, 155Nd and 160Sm was measured by
Van Schelt et al [23]. The last six isotopes 101Sn, 102Sr,
119Rh, 181Lu, 193Re, and 234Ra are included in the final
version of Ame2012 [24]. There is a significant difference
between the extrapolations of 101Sn, 139Te and 160Sm
and the measured values. The extrapolations in these
cases includes either the shell Z = 50 or the subshell
Z = 64, which could explain the large deviation. Shell
effects could also explain the not insignificant deviation
of 193Re. On the other hand, the extrapolations of 102Sr,
119Rh, 138I, 155Nd, 181Lu, and 234Ra are very much com-
parable to the measured values. Despite the fact that
138-I are very close to both the Z = 50 and the N = 82
shell, the extrapolation predicted exactly the value mea-
sured. Apparently, the method can at times be applied
near magic numbers.
Fig. 5 provides an overview of the differences between
the extrapolated and the measured values as a function of
nucleon number. The three nuclei deviating by more than
500 keV in our extrapolation are influenced by closed
shell or subshell effects which add to the inaccuracy in the
present type of extrapolation. The other more believable
points deviate on average by about 200 keV.
The corresponding extrapolations by Audi and Meng
exhibit a comparable deviation, on average about
130 keV. As seen from table II their uncertainties are
also comparable. However, shell effects seem included in
their extrapolations.
V. CONCLUSION
The ultimate purpose of this paper was to extrapolate
new binding energies, using several mass relations con-
structed specifically to this task.
A very general model for describing the binding en-
ergy was assumed based on known contributions. Four
relations were then designed to eliminate as many fac-
tors as possible in the description of the binding energy.
The intent was to identify groupings of isotopes where the
mass relation either cancelled completely or showed clear,
predictable tendencies. By continuing these tendencies
outcomes could be predicted, and the binding energy of
unknown isotopes could be extrapolated accordingly.
Four mass relations were defined and applied individ-
ually. The results were used to confirm the predictions
of cancellation of smoothly vanishing aspects, and by ex-
tension to corroborate the initial assumption of divid-
ing the binding energy in qualitatively different terms.
Each of the mass relations supplied numerous extrapola-
tions, which were scattered across the chart of nuclides.
This scattering demonstrated that the applicability of
the method was not limited to a specific area, though
the results were generally more reliable with heavier iso-
topes. Many isotopes were also extrapolated by several
mass relations, which provided several comparable esti-
mates for the given isotopes. In addition, it allowed for
a combined result based on extrapolations from different
mass relations.
When comparing or combining different extrapolations
some considerations had to be made. Some extrapola-
tions had too large uncertainties and were excluded from
any calculations. These extrapolations were considered
too unreliable and would not improve the final result. If
significant discrepancies were found when calculating the
average, any extrapolation influenced by effects known to
be significant was excluded as well.
Several extrapolations could be combined with these
considerations in mind, and the final results were dis-
played in tables where several expected general tenden-
cies were observed. In particular, results regarding heav-
ier isotopes were more consistent and more reliable. The
unique orientation of one mass relation along the stability
curve resulted in fewer possible extrapolations compara-
ble with the other three relations.
Comparisons of extrapolated results, based on any of
the four mass relations, in general showed rather close
agreement. Even when an extrapolation was discarded
based on its uncertainty it was often in close vicinity to
the final average. The extrapolations at higher nucleon
number usually differed by at most ∼ 400 keV. These
averages were consistent with other estimates, and the
uncertainties were of the same magnitude. On the other
hand, the averages seemed much less accurate for lighter
isotopes, and the method is probably not competitive for
these isotopes.
A number of the results in the region where Z > 82
and N < 126 were acceptable both in consistency and un-
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certainty. This is particularly interesting given that this
region traditionally is very difficult to estimate. Some
results, notably in this area, were influenced by shell ef-
fects, and should be handled with care, but generally the
calculated averages seemed to be reliable.
Ten isotopes estimated by combining extrapolations
were measured after Audi and Meng complied their initial
information. This allowed for a direct evaluation of the
accuracy of the method. The values for most extrapola-
tions corresponded very well to the extrapolations. Those
that deviated significantly were all in the vicinity of shells
or subshells, and the inaccuracy of the method in such
areas is not surprising, as no attempt has been made to
account for these effects. On the contrary, it is more sur-
prising that the extrapolation of 138I is so accurate as
this isotope is also close to shells.
The greatest fundamental weakness with the presented
method is the use of somewhat removed isotopes. Iso-
topes are combined over a significant distance, partic-
ularly when calculating the variation in the tendencies.
Combining isotopes over a greater distance increases the
likelihood of combining unrelated effects. It is difficult to
account for the effect of one isotope being influenced dif-
ferently than the others in the extrapolation. The usual
approach has been to apply more compact mass rela-
tions. Beginning with the Garvey-Kelson mass relations,
this fear of combining unrelated effects has been an on-
going concern. However, despite the rather large span of
the mass relations used here, the results are comparable
to the best of other available extrapolations.
Although, applying other, possibly more compact,
mass relations would be the most obvious way to sup-
plement the results. By combining results from multi-
ple mass relations, and not just the four applied here,
this method also allows for convenient extensions and
improvements. Applying more complex mass relations,
could possibly increase the applicability of this method
even more. By creating a comprehensive system of ex-
trapolations based on different relations it would proba-
bly be possible to determine binding energies with still
greater precision, and in greater number. The actual
binding energy would be approached from many direc-
tions by several mass relations, and the final result would
be all the more credible.
Even though the extrapolated binding energies might
not be perfectly consistent, the calculated averages
should still be very viable and useful estimates. In par-
ticular, results for isotopes unencumbered by shell effects
and the like should be more than reliable.
Finally, from the evaluations of Q-values along the sta-
bility line it was possible to examine general structures
in the binding energy of super-heavy isotopes. Here sig-
nature of a minor neutron shell at N = 152 was found.
Applying the mass relation perpendicular to the stabil-
ity curve the behaviour across this neutron number was
found to be characteristic of a closed shell. These find-
ings very clearly suggests there exists a minor neutron
shell at N = 152. It is also striking that no other shell
is revealed in this region which owes its very existence to
stability provided by shell effects.
In conclusion, simple four-nucleus mass relations,
where smooth contributions to the nuclear binding en-
ergy vanish to second order, are used to extrapolate un-
known nuclear binding energies with rather good accu-
racy. We provide estimates for a series of different nuclei
just outside the region of knowledge where a good deal of
present nuclear research activities are focussed. In par-
ticular, we apply the method to the super-heavy region
where special Q-values are measured very accurately.
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